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Kernels and feature spaces



Motivating examples

What is a kernel, how do we construct it?

The XOR gate acts in the same way as the logical "either/or.”
The output is "true” if either, but not both, of the inputs are "true.”
The output is "false” if both inputs are "false” or if both inputs are "true.”

INPUT INPUT
A B

0 0 0
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Motivating examples

Using a linear classifier, the red patterns can not be separated from the blue
ones.

In the higher dimensional feature space, they are linearly separable

0(x) = [x1,x2,x1%0] € Z'(x) = R?




Motivating examples

Many classical learning algorithms—such as the perceptron, support vector
machine (SVM) and principal component analysis (PCA) employ data
instances, e.g., x,x’ € R", only through an inner product (x,x’), which basically
is a similarity measure between x and x’.

The class of linear functions induced by this inner product may be too
restrictive for many real-world problems.

Kernel methods aim to build more flexible and powerful learning algorithms by
replacing (x,x’) with non-linear, similarity measure.

Feature spaces can be used to compare objects which have much more complex
structure; strings, graphs.



Motivating examples

Learning algorithms are defined in terms of dot products between the features,
where these dot products can be computed in closed form (kernel trick)

The term “kernel” simply refers to a dot product between (possibly infinitely
many) features.

Kernel methods can be viewed as nonlinear versions of linear algorithms.



Motivating examples

The classification of objects with support vector machines (SVM)

Kernel Classifiers
> Idea: X'+ ®(X) C H and build a linear SVM in the Hilbert space,
3. & is called the feature map.
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Motivating examples

Kernel methods can be used to control smoothness of a function used in
regression or classification.

Different parameter choices determine whether the regression function overfits,
underfits, or fits optimally.




Hilbert spaces & RKHS



Hilbert space

Inner product: Let # be a vector space over R.

A function (-,-) sz is said to be an inner product on JZ if
L (ah+ooh,g)r=ou(f.g)r +o(fer)

2. (f.8)r = (8:f)r
3. (f,f)>0and (f,f)» =0 if and only if f =0.

Norm: |[f|| :=+/(f,f) ..

A Hilbert space is a space on which an inner product is defined, along with the
condition that it contains the limits of all Cauchy sequences of functions.



Kernel

Let 2" be a non-empty set. A function k: 2" x 2 — R is called a kernel if
there exists an real Hilbert space and a map ¢ : 2° — H such that Vx,x' € 2

k(xix') = (0(x), 9 (X)) -

All kernel functions are positive definite. If we have a positive definite function,
we know there exists one (or more) feature spaces for which the kernel defines
the inner product - it is not necessary to define the feature spaces explicitly.

Positive definite kernel: A symmetric function k: 2" x 2" — R is positive
definite if Vn > 1, V(a1,...,an) € R"V(x1,...,xp) € Z

Xn“ zn:a,ajk (xi kj) >0

i=1j=1

The kernel k(-,-) is strictly positive definite if for mutually distinct x;, the
equality holds only when all the a; are zero.



Properties of kernels

» Sum of kernels are kernels : Given o > 0 and k, ky, ko kernels on 2, then
ak and ki + ko are kernels on 2.

> A difference of kernels may not be a kernel: if ki(x,x) — ka(x,x) <O0.

» Products of kernels are kernels: Given k1 on .27 and ky on 25 than
ki X ko i s a kernel on 27 x 27.

> If 21=21=9, then k=: ki x kp is a kernel on 22



Some common kernels

> Polynomial kernel k(x,x'):=((x,x')+¢c)™, c¢>o0, m>1
> Exponential kernel on RY k(x,x’) := exp((x,x’))
> Gaussian kernel on RY k(x,x') := exp(—y 2||x — x'||?)
The Gaussian kernel is translation-invariant,
2
ks (x,2) = go(x — z), where gs(x) = exp—%.

Kernels are unique, but the feature maps are not unique.

2 €R?, and k(x,y) = (x,y)?

k(x,y) = x2x3 + yiy3 +2x1x0y1y2
$1(x) = (3¢ 2 V2xax),  ¢1(y) = (vE v3 V2y1y2)

$a(x) = (63 33 x1x0 x1x2),  $2(y) = (v2 ¥3 y1y2 y1y2)



NG

Let % an Hilbert space of functions f : 2" — R with inner product (-,-) ;.
Then 7 is called a RKHS on 2" if there exists a function k: {2 x 2 =R
(the reproducing kernel)} such that

k(-,x) € A for all xe 2,
2. (fk(+,x))r =f(x) for all xe Z', f € 3 (reproducing property).

The reproducing property is equivalent to state that, for x € 27, the x-translate
k(-,x) of the kernel is the Riesz representer of the evaluation functional

Ox : H — R, 6x(f) :=f(x) for f € 7, that is hence a continuous functional in
. Also the converse holds.



NG

Let # be a RKHS on Q with reproducing kernel k. Let n,n’ €N, a € R",
a' eR", Xn, X!, C 2, and define the functions

n n'
f(x):= Z oik(x,x;), g(x):= Z (ZJ{K(X,XJ{), xe .
i=1 =

1. f,ge A,
2. (f7 )/2” = Z?:l Zf:l OC,'(X}K(X,',XJ-).
3. k is the unique reproducing kernel of 77 and it is a positive definite kernel.

Theorem (Aronszajn), 1950)

k is a p.d. kernel on 2" if and onsly if there exists a Hilbert space J# and a
mapping ¢ : 2" — J#, such that for any x,x’ € 2 k(x,x") = (¢(x), (X))~
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Matrix-valued kernels & kernel trick

In the case of RKHS for vector-valued functions a separable Gaussian kernel
can be used

Ks(x,z) = ko(x,2)l, €R"
Computational savings of the kernel trick
Polynomial kernel of degree p ¢(x,y) = (1+x"y))P.

Computation of the inner product a = x y requires &(n) operations.
P(x.y) = (1+a) .
Computing as product of the feature map of vector ¢(x) of length &(n?)

2 2
O(x)=(1x1 ...xp X{ ... X5 Xf <. XP X1X0 X1X3 ... X1Xp X2X3 .. . XpXp)

requires &("}P) operations for p =20, n =100 ~ 3-10?? operations.



Smoothness functional

for any function f € 5 and any two pints x,x' € 2

If)—fOD = |(F ke —ke) e
< flloe |k = kel 2
= |Iflle di(x,x")
Distance in the feature space
de(x X' = [[o(xa) —90)l%
dk(x,x')2 = k(x1,x1)+ k(x2,x0) — 2k(x1,x2)

The norm of a function in the RKHS controls how fast a function varies over 2~
with respect to the geometry defined by the kernel (Lipschitz constant |||~ )



Machine Learning applications



Kernel principal decomposition analysis (PCA)

Classical PCA: Find a d-dimensional subspace of a higher dimensional subspace
RD containing the direction of maximum variance

1o (1 1 2
u arg max — u Xji— — Xi
1 g|UH§1n,';1 i nz i

Uy = arg max u' Cu
|ufl<1

Covariance matrix

1 n n 1 n

1
n = —XHX
n

X =[x1,....xa,H=1 —n My, where 1,500 % n matrix of ones

Principal components u; are eigenvectors of the covariance matrix C

Ajuj = Cu;



Principal component analysis (PCA
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Kernel PCA

2
10 Ly
i = argfm;afanz<<(f7¢(Xi))_";§¢(Xi)>%>

i = arg max var(f)
Flle<

Covariance matrix
C= }7 ) <¢(X: Z o(x;) ) (¢(Xi)— % ) ¢(Xi))
i=1 I i=1

where
(a@b)c:=(b,c)a

analogous to the outer product of vectors.



Denoising hand-written digits by PCA

USPS hand-written digits data:
7191 images of hand-written digits of 16 x 16 pixels.

MR EYeZrECE

Sample of original images (not used for experiments)

HEAESEEEBENR

Sample of noisy images

MEEdERBvEMAR

Sample of denoised images (linear PCA)

HEE Y@@l EER

Sample of denoised images (kemel PCA, Gaussian kernel)
Generated by Matlab Stprtool (by V. Franc).



Classical ridge regression

Training points arranged in a matrix X =[x ..., x,] € RP. To each of these
points, there corresponds and output y;, arranged in a column vector

y=la-y
. - 2 2
2 = argmin (i_Zl(y,-xfa) + 2l )
at = argmin (lly~XTall2+2]alP)
The regularized least squares solution
a=(XXT A1) txy

Solution with singular value decomposition (SVD)



Kernel ridge regression

a* = arg min <_i (a,¢(x— '))%)2+/1||3|;f>

acH

X=[0(x1)...¢(xn)], XX = Zn: P(x)@(x;), (XX )= (6(x7), (%)) = k(xi,%})
i=1
Solution

at=(K+Al,) ty



Kernel ridge regression
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Figure 7.1: Effect of choice of A on the fit of ridge regression.

4=0.1, 0=2 4=0.1, o=0.1 4=0.1, 0=0.6

1
05 . o5} sl * o
of * . * of e - of «® e W
\_ K m&.;- » .
Y —a%_ -, D28
0.5 -0.5| L 5 e
. .
1 s bs ] 5 0 05

bs ] 05 05 1 15 -0 1 15



Kernel ridge regression

» Underfitting Too large a A resulting very smooth function following the
shape of the underlying data with a small prediction error.

» Overfitting Too small a A fitting small fluctuations in the data due to
noise, at the expense of smoothness

» An apparently good choice is A = 0.1, where the regression curve fits the
underlying trend without being overly influenced by noise.

» The kernel width o affects the fit of ridge regression. Too large a G results
in underfitting: the regression function is too smooth. Too small a ¢
results in overfitting.

» A and o can be chosen by m-fold cross-validation to evaluate the resulting
performance of the learning algorithm.



Kernel ridge regression

Algorithm 1 m-fold cross validation and held-out test set.
1. Start with a dataset Z := X,Y, where X is a matrix with n columns,

corresponding to the n training points, and Y is a vector having n rows.
We split this into a training set of size n,, and a test set of size ny = L -y

v

Break the trainining set into m equally sized chunks, each of size n
nyr/m. Call these Xyars, Yo forie {1,..., m}

val =

3. For each A, o pair

(a) For each Xyapi, Yyals
i. Train the ridge regression on the remaining trainining set data
Kir \ Xvars and Yo\ Yoar i,
ii. Evaluate its error on the validation data X . ;, Ve

(b) Average the errors on the validation sets to get the average validation
error for A, o.

4. Choose A*,o* with the low

st average validation error

5. Measure the performance on the test set Xy, Y.




Real world applications



Regression

Example: regression

Task: predict the capacity of a small molecule to inhibit a drug target
X = set of molecular structures (graphs?)
Y=R




Classification

Example: classification

Task: recognize if an image is a dog or a cat
X = set of images (RY)

Y = {cat,dog}




Structured output

Example: structured output

Task: translate from Japanese to French
A = finite-length strings of japanese characters
YV = finite-length strings of french characters

translate google ir

Google o0

Traduction tiver | o

Anglais Francsis Arabe Japonais - détectd ~ "4 Frangeis Anglais Arabe = m

WEANSESD * Méme les singes tombent des
arbres

A«

[ Envoyer des commentaires




Lectures & Software

Arthur Gretton

https://www.gatsby.ucl.ac.uk/~gretton/teaching.html

Julien Mairal and Jean-Philippe Vert

https://members.cbio.mines-paristech.fr/~jvert/svn/kernelcourse/
course/2020mva/

Codpy: Curse of dimensionality in Python
https://pypi.org/project/codpy/

https://scikit-learn.org/stable/modules/svm.html


https://www.gatsby.ucl.ac.uk/~gretton/teaching.html
https://members.cbio.mines-paristech.fr/~jvert/svn/kernelcourse/course/2020mva/
https://members.cbio.mines-paristech.fr/~jvert/svn/kernelcourse/course/2020mva/
https://pypi.org/project/codpy/
https://scikit-learn.org/stable/modules/svm.html
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